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3.1 INTRODUCTION

In the first two units of this block we have introduced the concept of a definite integral and -
have obtained the values of integrals of some standard forms. We have also studied two
important methods of evaluating integrals, namely, the method of substitution and the method
of integration by parts. In the solution of many physical or engineering problems, we have to
integrate some integrands involving powers or products of trigonometric functions. In this
unit we shall devise a quicker method for evaluating these integrals. We shall consider some
standard forms of integrands one by one, and derive formulas to integrate them.

The integrands which we will discuss here have one thing in common. They depend upon an
integer parameter. By using the method of integration by parts we shall try to express such an
integral in terms of another similar integral with a lower value of the parameter. You will see that
by the repeated use of this technique, we shall be able to evaluate the given integral.

Objectives

After reading this unit you should be able to derive and apply ﬁle reduction formulas for
® I x"e*dx |

® J sin " xdx, J- cos" x dx J tan" xdx, etc.

Ps I sin™ x cos" xdx

PY I e sin" x dx

® I sinh” xdx, I cosh"xdx

3.2 REDUCTION FORMULA

Sometimes the integrand is not only a function of the independent variable, but also depends
upon a number n (usually an integer). For example, in I sin" xdx, the integrand sin®x depends
onx and n. Similarly, in I e cosmx dx, the integrand e* cosmx depends on x and m. The
numbers n and m in these two examples are called parameters. We shall discuss only integer

parameter here.




On integrating by parts we sometimes obtain the value of the given integral in terms of another
similar integral in which the parameter has a smaller value. Thus, after a number of steps we
might arrive at an integrand which can be readily evaluated. Such a process is called the
method of successive reduction, and a formula connecting an integral with parameternto a
similar integral with a lower value of the parameter, is called a reduction formula.

Definition 1: A formula of the form

j f (x,n)dx = g(x) + J f(x, k)dx.
where k<n,is calleda redﬁction formula,
Consider the following example as an illustration.
Example 1 The integrand in J x"e*dx depends on x and also on the parameter n which is the
exponent of x, Let - |

1, = J x"e™dx.
Integrating this by parts, with x" as the first function and e* as the second function gives us
L =x" J' * dx — J' (nx ™! J' e*dx)dx

=x"e* —n j (x™'e* dx

Note that the integrand in the integral on the right hand side is similar to the one we started
with. The only difference is that the exponent of x is n—1, Or, we can say that the exponent of x
is reduced by 1. Thus, we can write

Ix=x"e*-nl e, (1)
The formula (1) is a reduction formula. Now suppose we want to evaluate I, that is,
J' x*e*dx.Using (1) wecan write I, = x* e¢* ~ 4 I,
= x*e* - 4 [x’e" —312]' using (1) for I,

=x*e® —dx’e* +121,

= x*e* — 4x3e® + 12x%e* - 241,,using (1) forl,

xte® —axe* +12x%e* - 24 xe* + 241

ﬁow I, = J'xoe"dx = Ie"dx =e* +c.

Thus, the method of successive reduction gives us
4 x 4 x 3
Ixedx=xe - ax’e® — 12x%¢" + 24xe™ + 24 + ¢

in five simple steps. You must have noted that we were saved from having to integrate by parts
four times. This became possible because of formula (1). In this unit we shall derive many such
reduction formulas.

These fall into three main categories according as the integrand
) 1sapower of trigonometric functions.

i) is a product of trigonometric functions, and

ili) involves hyperbolic functions.

We will take these up in the next three sections.

3.3 INTEGRALS INVOLVING TRIGONOMETRIC
FUNCTION

There are many occasions when we have to integrate powers of mgonomemc functions. In this
section we shall indicate how to proceed in such cases.

Reduction Formulas
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Integral Caleulus 3.3.1 Reduction Formulas for Isin"x dx and j cos" x dx

In this sub-section we will consider integrands which are powers of either sinx or cosx. Let’s

take 2 power of sinx first. For evaluating _[ sin” xdx, we write

I* = _[ sin"xdx = _[sin"“ x sin xdx, if n> 1.

Taking sin"'x as the first function and sin x as the second and integrating by parts, we get

1 2

I, = - sin""
1

xcosx - (n-1) Isin"’ % cosx (—cosx) dx

= —sin"" xcosx + (n-1) J' sin"2x cos? x dx

= - sin"™ xcosx + (n-1) [ j sin™? x (1 -sin? x) dx

v

= - sin" xcosx + (n=1) [J sin"%x dx - I sin" x) dx]

= - sin"" xcosx + (n-1) [I,, ~1,]
Hence,
I, +(n-D1, =-sin""x cosx + (n - D1,,

Thatis, nl, = —sin"™ x cosx + (n-1) I g O
—sin" ' x cosx n-1
In = + In-Z
n n

This is the reduction formula for I sin” xdx (valid for n2 2).

-Example 2 We will now use the reduction formula for I sin"xdx tg evaluate the definite
forn=1 w2
. P 1
al sin " xdx. We first observe that
[ sin™ xdx = [ sinx dx integral, I" X le first bseﬂ/ze
n/2 —sin"™ xcosx n-1 &2 _
: —cosx + ¢ J- sin"xdx = ——M8M——— + — sin"? x dx
} 0 n n 0
| -1 vz
| _ _[ sin® 2 xdx, n 2 2.
| un
/2 4 pn/2
.8 .3
sin”xdx = —j sin’xdx
: Thus, _[0 5 b
) . 4 2 1|:/'2
‘ . =— , = _[sm xdx
‘ 5 3J0 a2
8 (—cosx)
~15
0
_ 8
15

Let us now derive the reduction formula for J cos"xdx. Again let us write

I, = J' cos" xdx = I cos™ ' xcosxdx, n > 1.

Integrating this integral by parts we get

Il\

J' cos" ! x sinx - I (n-1)cos" Zx (- sinx). sinxdx

"2 % sin” xdx

cos™™! xsinx+ (n—1) I cos

= cos"™! xsin x + (n—1) I cos™ 2 x(1 —cos” x)dx

=cos"” xsinx + (n-1) (I,, - 1)
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Reductlon Formulas

n-1
n

-1 x sin x
In—z

By rearranging the terms we get
Ccos

I, = I cos” xdx =

in each case is easy to evaluate.
As we have observed in Example 2,

7t/2 - n n_l /2 . 02
I sinxdx = — r sin"™* xdx, n >2.
n J

0
Using this formula repreatedly we get
n-1 n-3 n-5 42 J"‘/zs
/2 n n-2'n-4""5"3
I sin"xdx = ,
— - - 19
n l‘n 3.“ > il dx, if n is an even number, n2 2.
n n-2 n-4 4 2
This means
n—l'n-—3” ..... ..i.iifnisodd,andn23
"/2 . n n-2 5 3
_[ sin"xdx =
n—l.n—3 ........ -i-.l—f—,ifniSevennZ2
n n-2 4 2 2
We can reverse the order of the factors, and write this as
. 4 - - . )
2—— ...... —11—3—11 ! if n is odd, n 2 3
xi2 35 n-2 n
I sin "xdx =
, L3 .. n—l.zt_. if n is even, n 2 2
2 4 n 2
/2
Arguing similarly for r cos” xdx we get
0
2 4 -
e n=1 if nisodd, and n > 3
=/2 /2 3 5 n
_[ cos_“xdx=r sin” x dx = -
0 -
lé— ......... n 1.£ifniseven',n22
2 4 n 2

n
This formula is valid for n 2 2. What happens when n =0 or 1? You will agree that the integral

We are leaving the proof of this formula to you as an exercise See E1)

E EI) Prove that
2 —
. —3—.15‘— ......... D=1 if nisodd, n 23
,t N
J. cos"xdx =
1 3 -
?Z ......... nll,ifniseven,nZZ
n

inx dx, if n is an odd number, n2 3,
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Integral Calculus

n/2 m/
E E2) Evaluate a) I cos® xdx, b) I 20056 xdx, using the reduction formula
0 0

derivedinE1).

3.3.2 Reduction Formulas for Itan" xdx and Isec“ xdx

In this sub-section we will take up two other trigonometric functions : tanx and secx. This is,

we will derive the reduction formulas for _{ tan" xdx and I sec”" xdx. To derive a reduction

formula for I tan" xdx, n > 2. we start in a slightly different manner. Instead of writing tan"x

=tanxtan™'x, as we did in thc case of sin"x and cos"x,. we shall write tan"x = tan"2xtan’x. You
will shortly see the reason behind this. So we write

I, _[ tan" xdx.= _[ tan"2 x tan?xdx.

I tan""2x(sec? x - 1)dx

=I tan""? x sec? xdx - I tan""2 xdx

You must have observed that the second integral on the right hand side is I__,. Now in the first
integral on the right hand side, the integrand is of the form [f{x)]™.f" (x)

As we have seenin Unit 11,

X m+l
I[f(x)]"‘t‘(x)dx _ oo™
. m+1
- -1
Thus J‘ tan™2xsec? xdx = 2N X . ¢
’ n-1




tann-l X Reduction For
Therefore, (2) give 1, = ol
n—

Thus the reduction formula for J tan" x dxis

- In—2‘

‘{ou must have now realisea
why we wrote

tan""' x 0
= = tan™ = tan’x tan">x

a-1 T2

I tan" xdx = I, =
To derive the reduction formula for I sec” xdx (n > 2), we first write sec”x = sec™x sec’ x,

and then integrate by parts. Thus

I

. I sec” xdx = I sec™? x sec? xdx

= sec"? xtanx—(n-2) ‘[ sec"? X, sec X tan? xdx

sec™? x tanx —(n—2) I sec” 2 x tan? xdx

sec™? xtanx —(n—2) ‘[sec“'2 x(sec? x—1) dx

sec"? xtanx—(n-2) (I, —1,_,)

After rearranging the terms we get
n-2
n-1

sec™ 2 x tan x

I sec" xdx =1, = |

n-1{
These formulas for I tan” xdx and I sec” xdX are valid forn >2. Forn= 0, 1 and 2, the

integrals I tan” xdx and I sec” xdx can be easily evaluated. You have come across them in

Units 1 and 2.

sec®x dx

‘[1!/4
0

. n/4
Example3 Let’s calculate 1) Io tan® xdx and ii)

/4
/4

: 4

tan " X
: tan> xdx =
1) b

/4 3
- I tan” xdx
0
n/4
n/4
+I tan xdx
0

1
— — = In {(cosx
7 ( )o

! +In1

L.
4 .

V2
- l In ¥2
4
n/4

sec“ Xtan x
5
0
2
4 |sec” xtanx
3

I

e
ii) I sec xdx
0

n/4

On the basis of our discussion in this section you will be able to solve these exercises.
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Integral Calculus
E E3) Derive the following reduction formulas for J- cot” xdx and Icosec" xdx

-1 -
a) Icot"xdx =1, = P cot™ x-1__,

—cosec” ?xcotx .n-2
+ I,
n-1

n-1

b) I cosec"xdx = I =

E E4) Evaluate

/2 =/2
a) L/z cosec® xdx  b) ‘[0 sin® xdx c) Isecs 6de
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3.4 INTEGRALS INVOLVING PRODUCTS OF Reduction Formulas
TRIGONOMETRIC FUNCITONS

In the last section we have seen the reduction formulas for the case where integrands were
powers of a single trigonometric function. Here we shall consider some integrands involving
products of powers of trigonometric functions. The technique of finding a reduction formula
basically involves integration by parts. Since there can be more than one way of writing the
integrand as a product of two functions, you will see that we can have many reduction
formulas for the same integral. We start with the first one of the two types of integrands which
we shall study in this section.

3.4.1 Integrand of the Type sin™xcos"x

The function sin™xcos™x depends on two parameters m and n. To find a reduction formula for

J sin™ x cos” dx, letus first write
lno = I sin™ x cos" xdx
Since we have two parameters here, we shall take a reduction formula to mean a formula

connectingl  and I , where either p<m, or g <n, or both p <m, g <n hold. In other words,
the value of at least one parameter should be reduced.

sin™*! x
+ ¢, when m # -1

Ifn=11_, = I «in™ xcosx dx m -+ 1
In|sinx| + ¢, when m = -1

Hence we assume thatn > 1. Now,

. . -1 -
Imo = I sin™ xcos" x dx = I cos"™ x (sin™ x cosx) dx

Integrating by parts we get
el o g ML i M
cos™ " x,.sin™" x _ , sin™" x )
Loy = 2 - I(n-l)cos“ 2 x (~sinx) ——— dx, if m # -1
" m + 1 m+1
cos"! xsin™'x  n-1 '
= + Isin'“x cos" 2 x (1-cos? x) dx
m +1 m+1
cos™ ! x.sin™"! x , Bl 0 I
= n-2 ~ tm,
m+1 m+]1 ™" e
Therefore,
n-1 _m+n o cos™ xsin™*' x L n-l
™ T m+1l ™ mser’ ™" m+1 m+1 ™2
This gives us,
cos"'xsin™'x n-1
Im n = + Im n=-2  eeeesasesas (3)
! m+1n m+n Remember we have taken n > 1

But, surely this formula will not work if m +n = 0. So, what do we do if m+ n =07 Actually we
have a simple way out. If m +n =0, then since, n is positive, we write m =-n.

Hence I_, = I sin "xcos™ xdx = I cot” xdx, which is easy to evaluate using the reduc-

tion formﬁla derived in Sec. 3 (See E2)).

To obtain formula (3) we had started with the assumption thatn> 1,
Instead of this, if we assume that m > 1, we can write

Imn = I sin™xcos™ xdx = J- sin™'x (cos” x sinx) dx.Integrating this by parts we

get

- m-1 n+l n+l
—sin™" xcos™! x . me —-cos™!' x
Lon = ; -{(m-1) Ism"' 2y cosx ( )
' n+

dx for n # -1
n+l )
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Integral Calculus —sin™ ' xcos™'x  m-1

= + J- sin™ 2 x cos" x (1-sin? x) dx
n+l n+l 7

_ sin™'xcos™ ' x N m-1 a I )
n+l n+l  mo2noTmn

From this we obtain

—~sin™ ! xcos™!'x m-1

I = + Tpap) coeenennnnn 4
mn m+n m+n(m2’") )

If m or n is a positive odd integer, we can proceed as follows :

Supposen=2p + 1 P >0, then

bt
1]

mn I sin™ x cos?P* xdx = I sin™ x (1-sin? x)P cosx dx

Itm(l--tz)pdtwepun=sinx. ‘ :5

Expanding (1-t?)P by binomial theorem and integrating term by term, we get

g+l m+3 gm+5 (_'_l)ptm+2p+l :
I .= - ¢(p,1 -C(p,2) ——....... + +c
™ m+l1 (D m+3 (p.2) m+5 m+2p+1 7
sin™! x sin™"? x sin™ x !
=——-C(pl) —— +C(p2) ——— — e + .
+1 m+3 m+5 '
C1\1 i 2P+
(-1)" sin L
m+2p+1 ;

If m and n are positive integers, by repeated applications of formula (3) or formula (4), we
keep reducing n or m by 2 at each step. Thus, eventually, we come to an integral of the form

Imo or I or I or I . In the previous section we have seen how these can be evalu-

ated. This means we should be able to evaluate I, in a finite number of steps. We shall
now look at an example to see how these formulas are used.

/2 ’
. Example 4 Letus evaluate J- sin® x cos® x dx. Herem=4 and n = 6. Since m is the
0

smaller of the two, we shall employ formula (4) which reduces m at each step.

12
n/2 —ein3 7 ' /2
J- sin*x cos® xdx = o} XCOS X + 3 r sin? x cos® x dx
0 . 10 ¢ 10 Jo
0
12
= _}_ sin’ x cos® xdx
10
. 3 . 7 n/2 n
-— T
= _Smxcos X + 1 I cos® xdx ,
10 8 8 Jo
using formula (4) again.
12
= 8—30— j: cos® xdx
=3 BT hom E 2)b)) = o%
80 96 512

Are you ready to solve some exercises now?

E ES5) In deriving formula (4) we had assumed that m > 1. How would you evaluate, I__if
m= 1?7
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Reduction Formulas

E E6) Formulas (3) and (4) fail when m +n = 0. We have seen how to evaluate [ ,ifm+n=0
and n is a positive integer. How would you evaluate it if m + n =0 and n is a negative
integer?

E E7) Evaluate

n/2 .1 5 2 .8 2
a) J sin” x cos” xdx b) J sin® x cos” xdx
° °

3.4.2 Integrand of the Type ™ sin"x

In this sub-section we will consider the evaluation of those integrals, where the integrand is a
product of a power of a trigonometric function and an exponential function. That is, we will

consider integrands of the type e*sin"x. Let us denote _[ e* sin” xdx by L, and integrate it
by parts, taking sin"x as the first function and e™ as the second function. This gives us

ax _-..n
e”sin"x n . -
L=——"_C Ie“ sin™'x cos x dx.
. n a a

" We shall now evaluate the integral on the right hand side, 'again by parts, with sin™xcosx as
the first function and e** as the second one. Thus, :

ax _:.n ax ,:..0-]
e“sinnx n|le*sin” xcosx 1 . n- .
L, = - — [ ~ - J e™ {(n-1)sin"2 xcos® x ~ sin" x} dx
a

a - a (n ~1)sin" x cos’x

a
= (n-1) sin™? x (1-sin’x)
= (n-1) sin"3x ~ (n—1)sin"x

ax - n ax - n-1
e“'sin X nj|e“sin xcosx 1 Sl e .
= [ - J‘e“"‘{(n-—l)sm“ 2x —nsin" x}dx]
a

a a a
This means
e*sin"x ne®sin™' x cosx  n(n-1) n’
L, = - . Xy L, ->L
2 2 2 0
a a? | a a
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. Integral Calculus Rearranging the terms we get

L = ae™’sin®"x  ne™sin®! xcosx n(n-1)

; L.,.
o-2
n2+32 n2+32 n2+32

Given any L , we use this reduction formula repeatedly, till we get L, or L, (depending on
whether n is odd or even). Since L, and L are easy to evaluate, we are sure you can evaluate
them yourself. (See E8)). This means that L._can be evaluated for any positive integer n.

Remark 1 If we puta=0in L, it reduces to the integral I sin” xdx. This.suggests that the

reduction formula for I sin® xdx which we have derived in Sec. 3 is a special case of the

reduction formula for L .

If you have followed the arguments in this sub-section closely, you should be able to do the
exercises below. «

E E8) Prove that i

ax

a)Lo=eT+° b)L,=J'e“sinxdx=

ax

3 (asinx — cosx) + c.
l+a
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Reduction Formulas

E E9) Prove:If C, = Ie“ cos" xdx, then.

ae™ cos" x ne™cos"!xsinx n(n-1)
Co=——7F5—35+ 2.2 + =5 G
n’ +a n” +a n“+a

E E10) Verify that the reduction formula for I cos” xdX js a special case of the formula in E9).

3.5 INTEGRALS INVOLVING HYPERBOLIC
FUNCTIONS

In this section we shall discuss the evaluation of integrals of the type
I sinh™ xdx, I cosh™ xdx, etc.

Actually, you will find that the evaluation of these integrals does not involve any new
techniques. In fact, the procedure we follow here is very similar to the one we followed for

integrating sin™x, cos™x etc. Let us find the reduction formula for; say I tanh™ xdx. We are

sure you will be able to follow this easily and derive the reduction formulas for the other
hyperbolic functions (see E11)).

fI,= I tanh” xdx, we'can write
I, = Itanh"—2 xtanh? x dx 4 tanh x =sec h2x
dx
= Itan‘h“‘zx (1-sech®x)dx

= I tanh™2 xdx - I tanh"2 x sec h%xdx
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Integral Calculus
' tanh™ x

= In—2 R
n-1

Don’t you agree that the above method is similar to the one adopted for I tan" xdx? The
following exercises can be easily done now.

E E11) Prove the following reduction formula :

s n-l o _
[ sinh® xdx = sinh™ xcoshx  n-1 [ sinh™2xdx
n n

E E12) Derive areduction formula for I cosh” xdx

That brings us to the end of this unit. We shall now summarise what we have covered e
init.

3.6 SUMMARY

A reduction formula is one which links an integral dependent on a parameter with a similar
integral with alower value of the parameter.
In this unit we have derived a number of reduction formulas.

L I x"e*dx = x"e* -n I x"le* dx

. -l
. -sin"" xcosx n-1 . n—2
2 I sin” xdx = + I sin"? xdx, n> 2
n n
n-1 .
+cos"  xsinx n-1 -
3 Jcos“xdx = + jcos“ 2xdx,n=2
n n
-1
—tan""" x -
4. Ilan“xdx:——]tannzxdx,n>2
80 n-1




Reduction Formulas

I sin™ x cos" 2 xdx, n > 1

J. sin™? xcos" xdx, m > |

n(n_l) e™ si n—zdx

s

n-2
sec’ “xtanx n-2 _
5 Isec" xdx = Isec" 2xdx, n > 2
n-1 n-1
24 n-1 . . :
n/2 /2 53 ...... , if nis odd, n > 3.
I sin” xdx=I cos” xdx = 7 3 "1
6. o n-1m .. ..
—— e —— —, if n"iseven, n22.
24 n 2
J‘ Sin™ x cos™ xdx = cos"! xsin™!'x n-1
7. . m+n m+n
—sin™!'xcos"'x m-1
m+n m+n
ax _._n ax _-_n-l
X on ae” sin” x mpe" sin’ xcosx
8. Ie sin"xdx = ‘ - +
n? +a? n? +a? n? +a?
~tanh"! x _
9 J.tanh"xdx =———-——1—-—-+Itanh"2xdx
n—

We have noted that the primary technique of deriving reduction formulas involves integration
by parts. We have also observed that many more reduction formulas involving other
trigonometric and hyperbolic functions can be derived using the same technique.

3.7 SOLUTIONS AND ANSWERS

n/2
J'mcos“ xdx = cos™! xsinx n-1 I"/zc
El) Wehave J = n 7 b
0
_ 2
= h-l r cos" % xdx
n 1)
- - /2
_n I.n 3 I cos" ™ xdx
n n-2 Jo
-1 - - /2
n-1n-3n-5 il J. cos® xdx, if n is even
n n-2 n-4 4 2 .
" |n-1n-3 n- 4 2 (w2
n n-3n 5..'.‘...—-.— I cosxdx, if n is odd
n n-2 n-4 53

n-1 n-3 n-5 31 . .
...... —.,— —1if n is even

_ n n-2 n-4 4 2 2
n-1n8-3n-5 2 2 it nis odd
n n-2 n-4 53
/2

B) a) I cossxdx=§— §=%

Moo 531 m_5m

b) I COS de—g Z 53—‘37

x(cosec?x—1) dx n > 2

m
LI
S’
L]
s
I
—
Q
[«
Lad
E}
b
(=9
>
il

I cot™?

I cot"? cosec?xdx - I, _,
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~cot™! x
Therefore, I, = ——— — 1

-2
n-1 "

b) I, = I cosec”xdx = I cosec™*xcosec’%dx n > 2

= — cosec" 2xcotx - _[ (n-2)cosec™ 2x cot? x dx

= - cosec" 2xcotx — (n-2) J‘ cosec" Zx(cosec?x —1) dx

= - cosec" ?x cotx — (a~2) I, + (n=2) I, ,

- cosec”*x cotx n-2
f = n-1 T
4 r/2 t:osec:‘xdx—1_—‘3—0&}'“3(“—x ]m +—1— n/czosecx dx
;E) ni4 ' 2 /4 2 Jni4
1 1 n/2
=——+—Intan — ]
22 2 Jua
1 1 T
=--—+—=(In1-Intan —
52t 3
1 1 T
=——-~Intan =
V22 8
n/2 7 § 3 1 w 35n
. 8
sin“xdx =~ . - .~ . - . == —
b)-[nx86422256
) 'rsec’ 0de scceztane 1 IsechG
=i§%tin—q+—;-h1(secx+tanx)+c

ES)Ifm=11,,=01,= _[ sin x cos” xdx

cos™! x

+cifn=#-=1
= n+l

—Injcosx|+ ¢ if n = -1

E6) m+n=0=n=-m=>m is a positive integer.

sin™ x

im,n = I sin™ xcos™™ xdx = .[ dx= J tan™ xdx

cos™ x

Now use the formula for I tan™ xdx

2 6 n/2 -

=2 . —sin” xcos’ X 2 v, s .

ED a) J‘ sin® x cos® xdx = —————— = + — sin x cos” xdx
0 8 8 J

0

6 /2 1
2 2 5 -2 cos’ x
= — xcos’ xdx = — = —
SIo sinxco g8 6 } 2%
n” 9 w2 1 n ’
T 1 n .
b)-[o sinsxcoszxdx=f-§i$l}-:| +ﬁ-[o sin® x dx
o 0
12
=—l—-r sin® xdx
10 Jo
_ 1 75 3 1 _1t___7_‘rc
T10°8°6°4°272 512

E8) a) L, = J'e“dx=e——+'c




Reduction Formulas

ax :
. n 1
b L,= [ e®sinxdx = — 0% _ 2 [ ¢ cosxdx
1
a a

ax ¢ ax
e” sinx e cosx 1 .
= - - — I e sinxdx _-

a al - a2
: ax : ax ~
Cax - ae”™” smmx e” cosx
I e sinxdx = T -
1+a 1+a“
ax .
= 5 (asinx — cosX) + ¢
1+a .
ax
e n .
E9) C, = — cos"x + — I e cos"! x sin xdx
a a
e™cos”x n|e™cos™! xsinx
F + —
a a a

1
- Ie“ {(n—1)cos™ 2 xsin? x —cos" x}dx
a

ax n .
e cos"x n a4 .
= " 4 —i—e‘“ cos"! xsin x +
a a“’

12 I e™{(n-1)cos" 2 x - ncos" x} dx
a

ax n 2z
e” cos' X n -1 . n(n-1 n
=————+—7e“cos“1x51nx+ ( )C,,_,——C
2 2 2 2 “n
a a a a
ae™ cos" x ne™cos"!'xsinx n(n-1)
Gyt 7. 2 7 Cn2
. nt+a n“+a n‘+a
E10) Puta=0in the formula for C .
Sn—l

cos' xsinx n-l1 _
~Cy= Icos“xdx:—+— Icos“zxdx
n n

which is the reduction formula for I cos” x dx
Ell) I sinh” x dx = I sinh™! x sinh x dx
= sinh™! xcoshx - (n-1) I sinh™ 2 x cosh? xdx

= sinh™" xcoshx ~ (n~1) [ sinh™? x(1+sinh’ x) dx

= sinh™! xcoshx —(n-1) I, , —(n-1) I,

sinh™! xcoshx n-1
In = - In-2
n n

E12) I, = _[ cosh” xdx = _[ cosh™™ x cosh xdx
= cosh™' xsinhx = (n-1) I cosh” 2 x sinh? x dx

=cosh™! xsinhx - (n-1) J' cosh™2 x (cosh? x - 1) dx

" = cosh" xsinhx - (n=1) I, + (n-1)1,_,

cosh™ xsinhx n-1
In = " + In_2
n n
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