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3.1 INTRODUCTION 

In the first two units of this block we have introduced the concept of a definite integral and 
have obtained the values of integrals of some standard forms. We have also studied two 
irnportmt methods of evaluating integrals, namely, the method of substitution and the method 
of integration by parts. In the solution of many physical or engineering problems, we have to 
integrate some integrands involving powers or products of trigonometric hnctions. In this 
unit we shall devise a quicker method for evaluating these integrals.We shall consider some 
standard forms of integrands one by one, and derive formulas to integrate them. 

The integrands which we will discuss here have one thing in common. They depend upon an 
integer parameter. By using the method of integration by parts we shall try to express such an 
integral in terms of another similar integral with a lower value of the parameter. You will see that 
by the repeated use of this technique, we shall be able to evaluate the given integral. 

Objectives 

After reading this unit you should be able to derive and apply the reduction formulas for 

[ xnexdx 

I sinnxdx. I cosnx d x  I tannxdx, efs. 

J s i n m x c o s n x d x  

3.2 REDUCTION FORMULA 

Sometimes the integrand is not only a function of the independent variable, but also depends 

upon a number n (usually an integer). For example, in [ sinn xk .  the integrand sinnx depends 

on x and n. Similarly, i~ [ ex cosmx dx, the integrand ex cosmx depends on x and m. The 

numbers n and m in these two examples are called parameters. We shall discuss only integer 

parameter here. 



On integrating by parts we sometimes obtain the value of the given integral in terms of another 
similar integral in which the parameter has a smaller value. Thus, after a number of steps we 
might amve at an integrand which can be readily evaluated. Such a process is called the 
method of successive reduction, and a formula connecting an integral with parameter n to a 
similar integral with a lower value of the parameter, is called a reduction formula. 

Definition 1: A formula of the form 

I f (x, n)dx = g(x) + f(x,  k)dx. 

where k < n, is called a reductio~l formula. 

Consider the following example as an illustration. 

Example 1 The integrand in I x " e 'dx depends on x and also on the parameter n which is the 

exponent of x, Let 

Integrating this by parts, with xn as the first function and ex as the second function gives us 

Note that the integrand in the integral on the right hand side is similar to the one we started 
with. The only difference is that the exponent of x is n-1, Or, we can say that the exponent of x 
is reduced by 1. Thus, we can write 

Ix =xneX -n I ............................. n-I (1) 

The formula (I) is a reduction formula. Now suppose we want to evaluate I,, that is, 

4 x = x  e - 4x3eX + 1212 

= x4ex - 4x3eX + 12x2eX - 2411,using(l)for12 

= x4eX - 4x3eX + 12x2eX - 24 xeX + 241,. 

Now lo = xOe'dx = exdx = e x  +c. 

Thus, the method of successive reduction gives us 

in five simple steps. You must have noted that we were saved from having to integrate by parts 
four times. This became possible because of formula (1). In this unit we shall derive many such 
reduction formulas. 

These fall into three main categories according as the integrand 

i) is a power of trigonometric functions. 

ii) is a product of trigonometric functions, and 

iii) involves hyperbolic functions. 

We will take these up in the next three sections. 

Reduction Formulas 

3.3 INTEGRALS INVOLVING TRIGONOMETRTC 
FUNCTION 

There are many occasions when we have to integrate powers of trigonometric functions. In this 
section we shall indicate how to proceed in such cases. 



3.3.1 Reduction Formulas for [sinnx du and I eosn x dx 
, 

In this sub-section we will consider integrands which are powers of either sinx or cosx. Let's 

take n power of sinx fxst. por evaluating sinn xdx, we write 

sinAxdx = sinn-' x sin x dx, if n > 1. I 
Taking sip-'x as the first function and sin x as the second and integrating by parts, we get 

1. * - sinh-' xcorx - (n  - 1) I ninn~'xcorx (-corr) dx 

= - sin "' x eos x + (n - I)  J sin "' x cos2 x d x  

= - sinn-' xcosx + (n-I) [ J sinn-' x(l-sin2 x) dx 

. = - sinn-' xcosx + (n-1) [ J  ~ i n " - ~ x  dx - J' sinn x) dx] 

= - sin"-' xcosx + (n-1) [In-2 - I n ]  

Hence, 

I, + (n - 1 )  In  = -sinn-'x cosx + (n  - l)ln-2 

That is, nIn = -sinn-' x cos x + (n -1) I n-2 Or 

- sinn-' x cos x n - 1 
I, = + -  In-2 

n n 

This is the. reduction formula for I sin'' xdx (valid for n 2 2). 

Example 2 We will now use the reduction formula for I sinn xdx to evaluate the definite 
for n = I 

nl2 

1 sinn xdx = 1 sin x dx 
integral, I, sin ' x d x  We first observe that 

nl2  
- J ~ = ~ ~  sinnxdx = 

xcosx 
<OSX + C 1 + 17 

n 

4 
sin xdx = - r1'sin3xdx T ~ U S ,  5 0 

xi2 
= 4 . 2 1 sin xdx 

5 3 0 n/2 
8 

-- (- cosx) 
-15 

8 1. 
Let us now derive the reduction formula for I c o s " x d x . ~ ~ a i n  let us write 

I,, = J cosn xdx = J cosn-' xcosxdx, n > I. 

Integrating this integral by parts we get 

= I co."-l x sin x - I (n - I) cos"'x (- sin r). sin x dx 

= cosn-' xsinx + (n-I) (I,-, - I,) 



By rearranging the terms we get 

COS"' x sin x a - 1 
I, = I COS" xdx = + -  

n 1,-2 n 
This formula is valid for a 2 2. What happeas when a - 0 or l? You will agree that the integral 
in each case is easy to evaluate. 
As we have observed in Example 2, 

1 Using this formula repreatedly we get 
1 
I ........ n-1 n-3  n-5  
; --- 4.2 5"" sin x dx, if n is an add number, n L 3. 

n ' n - 2 ' n - 4  5 3  0 
Jon'* sin rdx = 

n-1 n -3  n-5 --- 3 1 X I ~  ........ i -.- 5 dl ,  if  n is an even number, nL 2. 
n 'n-2'11-4 4 2  o 

This means 

n - 1  n - 3  4 2 ...... I-.- ...-. - if  n is  o d d ,  a n d  n t 3 
n n - 2  

r X I 2  s i n  " x d x  = 
5 3 

n - 1  n - 3  . . . . . . . . .  - - -  ' , i f  n is  e v e n  n 2 2  
4 2 2  

We can reverse the order of the factors, and write this as 

n - 3  n - 1  ......... 4 -- . if  n is o d d ,  n 2 3 
n - 2  n r n i 2  s in  " x d x  = 

1 3  n - 1  n ......... I T T  - -  . if n is e v e n ,  n 2 2 
n ' 2  

I 

Arguing similarly for axn x dx we get 6" 
IoXi2 cosn xdx 

odd, and 

is even; n 

We are leaving the proof of this formula to you as an exercise See El)  

E El) Prove that 

......... n - 1  , if  n is o d d ,  n 2 3 
n Ioni2 c o s n  x d x  = 

j - -  .... . . . . .  .. , if  n is e v e n ,  n 2 2 
2 4 n 2 



Integral Calculus 

E 82) Evaluate a) Ci2 c0s5 X ~ X ,  b) E ~ s 6  xdx, using the reduction formula 

derived inEl). 

3.3.2 Reduction Formulas for J tann kdx and J seen xdx 

In this sub-section we will take up two other trigonometric functions : tanx and secx. This is, 

we will derive the reduction formulas for 1 tan " xdx and 1 sec " xdx. To derive a reduction 

formula for I tann xdx, n > 2. we start in a slightly different manner. Instead of writing tannx 

=tanxtann-'x, as we did in thc case of sinnx and cosnx,. we shall write tank = tann-2xtan2x. You 
will shortly see the reason behind this. So we write 

I n  = I tann xdx = I tann-' x tan2xdx. 

2 = I tann-' r sec r d i  - J tann-' idx ......( 2) 

You must have observed that the second integral on the right hand side is In-, Now in the first 
integral on the right hand side, the integrand is of the form [f(x)lm.f'(x) 

As we have seen in Unit 11, 

2 tan "-I x n u s ,  j tann-'x sec idx = ---- + c 
n-1  



X 
Therefore, (2) give 1, = - - In-2 - 

n-1 

Thus the reduction formula for I tan " x dx is 

To derive the reduction formula for seen xdx (n > 2) .  we f ~ s t  write seck = S ~ C ~ - ~ X  seei x, 

and then integrate by parts. Thus 

I, = secn xdx = secn-' x sec xdx 

= sec "-' x tan x - (n - 2) j seen-' x tan2 xdx 

= secnT2 x t a n x - ( n - 2 )  (I, -In- ,)  

After rearranging the terms we get 

These formulas for tan" xdx and S ~ C  " xdx are valid for n > 2. For n = 0,1 and 2, the 

integrals tan'' xdx and seen xdx can be easily evaluated. You have come across them in 

Units 1 and2. 

n14 

Example3 Let's calculate 1) So tan5 X ~ X  and ii) sec6x dx 

sec4 xtanx 4 "14 
sec6xdx = + - I - sc4xdx 

5 

- 

1:' 0 

4 4 sec2 xtanx 
- - 5 - 1 -  5 1"' + 2 3 I"' o sec2 

0 

On the basis of our discussion in this section you will be able to solve these exercises. 

Reduction For 

xou must have now realiseo 
why we wrote 
tan% - bn2x tanW-'x 





3.4 INTEGRALS INVOLVING PRODUCTS OF 
TRIGONOMETRIC FUNCITONS 

Reduction Formulas 

In the last section we have seen the reduction formulas for the case where integrands were 
powers of a single trigonometric function. Here we shall consider some integrands involving 
products of powers of trigonometric functions. The technique of finding a reduction formula 
basically involves integration by prqts. Since there can be more than one way of writing the 
integrand as a product of two functions, you will see that we can have many reduction 
formulas for the same integral. We start with the first one of the two types of integrands which 
we shall study in this section. 

3.4.1 Integrand of the Qpe  sinmxcosn x 
The function sin"xcos"x depends on two parameters m and n. To find a reduction formula for 

sinrn x c0sn h, let us f is t  write 

Since we have two parameters here, we shall take a reduction formula tp mean a formula 
connecting I,,, and Ip,q, where either p < m, or q < n, or both p < m, q < n hold. In 0 t h  words, 
the value of at least one parameter should be reduced. 

sinm+' x + C, when m # - 1  
~ f n - 1  I,,~ = J - i n m x c o s x d x  

(lnlsin xl + c, when m = - 1 

Hence we assume that n > 1.. Now, 

I ,. = J sin x cosn x dx = J cosn-I x (sin ' x cos x) dx 

Integrating by parts we get 

c0sn-' x;.sinm+' X Sinm+l X 
1m.n = - J (n - 1) COS"-~ x (- sin X) - dx, if m # -1 

m + l  m +  1 

Therefore, 

n - 1 m + n  - cosn-' x sin m+' x n - 1 +- Im,n = - 9 1m.n - +- 
I m ,  m + l  m + l  m + l  + 1 1.. .-2 

This gives us, 

cosn-l x sin m+l x n - 1 
Im,n = +- m + l n  1m.n-2 m + n  

. . . . . . . . . . . . (3) Remember we have taken n > 1 

But, surely this formula will not work if m + n = 0. So, what do we do if m + n = O? Actually we 
have a simple way out. If m + n = 0, then since, n is positive, we write m = -n. 

Hence I-,, = I ~ i n - ~ x c o s "  xdx = I cot xdx, which is easy to evaluate using the reduc- 

tion formula derived in Sec. 3 (See E2)). 

To obtain formula (3) we had started with thk assumption that n > 1. 
Instead of this, if we assume that m > 1, we can write 

I = sinmxcosn xdx = sinm-'x (cosn x sin x) dx.Integratiq this by parts we 

- 
- sinm-' x cosn+' x (- c0sn+l 

1m.n = - {m-I) J ~ i n ~ - ~ x a s x  ')dx for n t - I q  
n + l  n+1  




















